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783. 
ON MR WILKINSON’S RECTANGULAR TRANSFORMATION. 


[From the Proceedings of the London Mathematical Society, vol. xiv. (1883), 
pp. 222—229. Read May 10, 1883.] 


CONSIDERING the three cones, 
(p+a)X?+ (qtr) FROEN) Z =0, 
(p +u) X? + (q +u) Y?+(r+p)Z?=0, 
(p +v) X84 (g+ v) V+ (r+ v) 2=0, 
where 
ptqtr+arAt+pt+v=0, 
it is easy to see that these contain a singly infinite system of rectangular axes, 
viz. we have in each cone one axis of a rectangular system, and for one of the 
cones the axis may be any line at pleasure of the cone. In fact, taking for 
the three axes (a, y, 2), (£, y, z’), (a, y”, 2”) respectively, that is, for the first 
axis X:Y:Z=a:y: 42, and so for each of the other two axes, then (a, y, 2) 
being an arbitrary line on the first cone, we can find (a’, y’, 2’) and (æ”, y”, 2’) such 
that 
(p+) +(q+rA)¥ +(r+A)H =0, 
(p+m)a® +(qtm)y® +(r+p) 2 =0, 
(p+ v)” +(qt+v)y?+(r+v)27=0, 
a’ s +y ye +} A = 0, 
aa +y"y +22 =0, 
ca t+yy +22 =0, 
For, eliminating (æ”, y”, 2”) from the third, fourth, and fifth equations, we have, 


first, 
t, ti ti at , 1 j £ d $ , t 
ly" 3 el =y yz : zw mw n wy —ay, 
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and consequently 
(p +v) (yz —y'2) + (q +v) (zx — z'a} +(r + v) (ay — s'y} =0. 


It is to be shown that this equation is implied in the remaining first, second, and 
third equations; for, this being so, (æ, y, z), (a, y’, 2) satisfy only these equations; 
or (#, Y, z) are any values whatever satisfying the first equation. The other two 
equations then determine (a’, y’, z), and, these being known, (#”, y”, 2”) are then 
determined as above. 


In fact, attending to the sixth equation, the equation just obtained may be 
written in the form 


(p +v) [(y? + 2) (y? + 2%) aa] + (g + v) e Ha) (2? +0) — oy”) 
+ (r +v) [2 +y) (2° +y%)— 22] =0, 
or, what is the same thing, in the form 
-+y +e) [p+ u) + (q+ u) y’ +r + yu)z"] 
— (+y +27) [(ptr) @+(C+rA ¥4+ r+]; 
for, comparing in the two forms, first the coefficients of a*, these are 
(qt+v)+(r+v)—(pt+v) and —2p+A+up, 


which are equal in virtue of p+q+r+A+p"+v=0; and comparing next the 
coefficients of yz, these are 


p+v and —(r+p)—(q+Ar), 


which are equal in virtue of the same relation: and, similarly, the coefficients of the 
other terms y’y”, &c., are equal in the two equations respectively. 


Take now three arguments a, bs, Co, connected by the relation œ+ b +6 = 0, 
and write a, a, A for the sn, cn, and dn of a; and similarly b, b, B and c, c, C 
for those of b and c, respectively: then we may write 


av PA 
ptr, dN r+rA= (1, et? a0) 


DD. AB 
P +p, q+ h, r+p=0 (1, Ga? CA 


eee, 
pte aha teene(h apy amy 


for, starting from the first set of values, we have the second set if only 


Woe B A 


We thence obtain 
o(1-2)-1-Ẹ, o(1-g1)=1- A. 


ca be 
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and, in order to the identity of the two values of 0, we must have 


1-2) 0) (1-8) 0-A) 


that is, 
(abe — b?) (A BC — A?) — (abc — a?) (ABC — B>) =0, 
or, reducing, 
(a? — b?) ABO — (A? — B?) abe + A*b? — B’a? = 0. 
But 
a? —b? =— (a?—b*), A*— B=- k (a-b), A*b?— Ba? =k? (a? — b); 


hence the whole equation divides by a?— b, and, omitting this factor, it becomes 
— ABC + kabe + k? =0, 


which is a known relation between the elliptic functions of the arguments a, bo, Co 
connected by the equation a+b,+¢,=0. Similarly, for ¢, we have 


CUIRR CPPS A 
ANARU E TATA BO 


and, comparing the two values of ¢, we have the same identical relation. 


It thus appears that the three cones 


a A 

Art ee Y°+ ggZ =, 
b B 

aA Hees Y? + gg Z=, 
c C 

Att ap V+ ape =0, 


(the coefficients whereof depend on the elliptic functions sn, cn, and dn, of the 
arguments a), bo, Co connected by the equation a,+b,+c,=0) contain a singly infinite 
system of rectangular axes. 


Considering an argument fo and denoting its sn, cn, dn by f, f, F respectively, 
we have, for an arbitrary line on the first cone, the values 


æ, y, 2=MVk?Aa, MVieAbe.f, MV—-aBC. F., 
In fact, substituting in the equation of the cone, we obtain the identity 
k? + kf? — F?=0; 
and if we determine M by the condition that æ? + 4+2 shall be =1, then we have 
1 = M? {k Aa + k*Abcf? — aBCF?}, 
where the coefficient of M° is 


=kAa + k*Abe (1 —f*) —aBC (1 — ke f°), 
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which is easily shown to be 
= ek be (a? — f?), 
so that the values of a, y, z are 


={Vk?Aa, VieAbe.f, V—aBC.F} + Viek*be (a? — f°), 


and, similarly taking the arguments go, 4), and denoting their elliptic functions by 
g, g G, h, h, H, we have for a system of arbitrary lines in the three cones 
respectively, the values 


vka | Viedbe.f | V—aBC.F | -+Viek%bc (@ — f%) 


8 
e 
& 
ll 


a’, y, 2 =| vkeBb | VieBea.g | V—bCA.@ | + Viek%ca (è — 9?) 


a”, y", 2 =| Vk20c | VieCab.h | V—cAB.H | +Vik*ab (e — h’), 


these values being such that +y +2, æ? +y? +2”, a” +y” +z” are each = 1. The 
radicals in the first line would be more correctly written, and may be understood as 
meaning ki’ /AjJa, kyAsybyc, ivaVByC, and similarly as regards the second and 
third lines respectively. 


Taking now the arbitrary lines at right angles to each other, the condition for 


the second and third lines is 
1+ kagh —k?AGH = 0, 


which is satisfied if a)=g)—h); similarly the condition for the third and first lines 
is satisfied if b=h,—jfj; and we then have a+h=g—fr; that is, —q=g—fo or 
Co=fo— 9o, which is the condition for the first and second lines; hence the arguments 
ay, Do, Cos fos Jo» ho being such that 

ho =p t aE ə, 

-h . +f+b=0, 

Jo —fy TE ĉo = 0, 

Cy b,- Co . = 0, 
or, what is the same thing, a, bos Cos fos Jos ho being the differences of any four 
arguments a, B, y, 6, the foregoing values of (s, y, 2), (gy, 2) (E of &) will 


satisfy the equations 
e+y +2 =l, 


a? +y? +22 =l, 
oe? yH”, 
ae’ +y y” +2 2" =O, 
a'a +y’y +22 =0, 
ae +yy +zz7 =0, 
for the transformation of a set of rectangular axes. These are, in fact, Mr Wilkinson’s 
expressions, the a, bo, Cos Jos Jos ho being his t¢—p, p—g, 9-4, t, p, q respectively. 
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Returning to the three cones, it is to be remarked that, taking in the first of 
them a line 1 at pleasure, then we have in the second of them two lines 2, 2’ 
each at right angles to the line 1, and such that the line 3 at right angles to 
the plane 12, and the line 3’ at right angles to the plane 12’, lie each of them 
in the third cone; or, what is the same thing, we have in the two cones respectively 
the rectangular lines 1 and 2, and also the rectangular lines 1 and 2’, such that the 
planes 12 and 12’ each of them envelope one and the same cone, the reciprocal of 
the third cone; where by the reciprocal cone of a given cone is meant the cone 
generated by the lines through the vertex at right angles to the tangent planes of 
the given cone. Introducing the notion of the absolute cone X?+ Y?+Z?=0, a line 
and plane through the vertex at right angles to each other are, in fact, reciprocal 
polars in regard to this absolute cone; and two lines at right angles to each other 
are reciprocals (or harmonics) in regard to this absolute cone; that is, the reciprocal 
plane of either of them passes through the other. The two cones are cones inter- 
secting each other in four lines lying on the absolute cone; and in virtue of this 
relation they have the property in question, viz. taking in the first cone a line 1 
at pleasure, then the reciprocal plane hereof in regard to the absolute cone meets 
the second cone in a pair of lines 2 and 2’ such that the planes 12 and 12’ each 
of them envelope one and the same cone; the reciprocal of this cone is then the 
third cone of the system, and as such it passes through the four lines on the absolute 
cone. 

In verification, observe that the coefficients p +^, q+, &c. of the equations of 
the three cones satisfy the equations 

l, ptr, pth, pty (p+) (p+u)(p+v) |=0. 
l, gtr qth q+v, (Q+) (Q +u) (q +2) 
ll, r+aA, r+p, r+v, (r+N) (r +p) (r+) 


| 
| 


This is obviously the case for each equation such as 
|1, p+ p+u|=0; 
and any equation containing the fifth column is at once reducible to 
|1, p PPA +u+)|=0, 
that is, 
|1, p P|+A+u+v)|l, p, pP|=0; 
or, dividing by |1, p, p|, this is p+g+r+A+yu+v=0, the equation connecting 
the coefficients. 
Hence, representing the three cones by 

p X?+q Y?+r Z=0, 

pPX+dY+r Z=, 

px? ark GE y2 sj- r” Z2 ax 0, 


and the absolute by yea! yan. N 
+ +. 2 =, 


CG. XE 54 
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the coefficients p, q, &c., are connected by the equations 


| 1, p, p, p’, pp’p” || =0; 
| ay q, 7; Wi qg” 


1 T l AER d 


LE E gee PET 
among these are of course included the equation |1, p, p’|=0, which expresses that 
the first and second cones intersect on the absolute; (p, q, r), (p’, q, r) are any 
quantities satisfying this relation, and, regarding them as given, we have then two 
independent equations determining the ratios p” : q” : r”. The theorem is that the 
planes 12 and 12’ envelope one and the same quadric cone 


aon Pais 
=| + 4+ ,=0. 
P q 13 


The equations |1, p, p” |=0 and |1, p, pp'p” |=0 give 


qq—-r)p’ +(r—p)q’ +(p-gr’ =0, 


(q—17) ppp” +(r—p)ggg +(p-Qrrr’ = 0, 
and thence 


(q—r)p" : (r—p)g" : (p—Qr’ =q -rr : rr — pp’: pp gg 5 
or, observing that we have 
g~r irp: p gmg gr: rp'—r’p : py — py, 
the equations may also be written 
(r =ar) p" (p =r pd : (pq — PQ)" = aq —4r1' : rr — pp’: pp’ — aq. 

Starting with an arbitrary line (æ, y, z) in the first cone, then the reciprocal 
plane thereof (in regard to the absolute cone) is the plane X+ Yy+Zz=0, which 
meets the second cone in two lines, say (2) and (2’), each of which is a line reciprocal 


to the line (1); and we have thus two planet (12) and (12’), each of which 
envelopes, as is to be shown, the same cone q/7r’X?+71r"p"Y?+p'/'Z?=0. 


Suppose, in general, that we have an arbitrary line (æ, y, z) and an arbitrary 
plane aX +@Y+yZ=0, and that it is required to find the equation of the two 
planes through the line (æ, y, z) and the intersections of the plane aX + 8Y +yZ=0 
with the cone p’X?+¢Y?+7rZ?=0: the equation of the pair of planes is 


(aX+BV+yZ) (pe +g +r?) 
+(as + By +yz} (PX +g VY? +72?) 
—2 (aX + BY + yZ) (ax + By + yz) (p'Xa + q Yy +r'Z2)=0. 

In the present case, the plane aX+@Y+yZ=0 is the plane 2X +yY+zZ=0, 
which is the reciprocal of the line (æ, y, z) in regard to the absolute cone, and the 
equation of the pair of planes is 

(aX +yV+2Z) (pe +7y +r'2) 
+(+ Pt LFX Yr) 
— 2 (@X +yY +22) (æ +y +2) (p Xs +q Yy + r'Zz)=0, 


www.rcin.org.pl 


783] ON MR WILKINSON’S RECTANGULAR TRANSFORMATION. 427 


where the quantities (v, y, z), as belonging to a line on the first cone, satisfy the 
condition pa? +qy? +rz2=0. The equation may be written 


(a, b, c, f, 9, hýyZ— zY, 2X — «Z, «Y — yX% = 0, 
where 
a, b, c f, g, hagda try, rE tpe, PYPE, — PYZ, — 28, — T'Y, 


and, as before, pa*+qy*+rz?=0; viz. this is the equation of the pair of planes (12) 
and (12’). 


The equation of the pair of tangent planes through the line (a, y, z) to the 
cone qr’ X?+1r"p"Y? + p"q’"Z27=0 is 
(L'r + rp Y + pge) (rX + 9"p" Y +p" Z) — (qr aX +47" pyY + p'q'zZ}=0; 
viz. omitting a factor p”q”r”, this equation is 
(p", 7, 7”, 0, 0, OWyZ—zY, 2X — aZ, sY- yX} =0. 


And it is to be shown that this is equivalent to the former equation; viz. writing 
y4—z2Y, 2X — «Z, «Y —yX =n, p, v, then that the two equations 


(2+ry, ret pe, py+qa, —p'yz, — qzw, —rayQar, m vl =0, 


pr ats qe ak Y= 0, 
are equivalent to each other. 


We have identically Aw + uy + vz = 0, and thence also 
Qe + py + v2) [ip -g — r)ret (—p'+q'-1') wy +(—p —q +1’) v2] =0, 
where, on the left-hand side, the terms in py, và, and àp are 
= — 2p'yz uv — 2q avr — rey Np. 
Hence the first equation may be written 
C aah AS Aad l a S d Urd a aa A D N 
tipy +get( pgr), 
and it is to be shown that this is equivalent to 
p+ we tr’? =0; 
viz. that we have p” : q” : r” = 
TPERPER Saree et 
ree pep ary 
i pyty(e@—(—p'-7 +r) 2, 
where pa?+qy?+7r2?=0. Writing the equation in the form 
| pos ds a Ba, 
54—2 
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we have 
A= +r peH EHra 


=- pet (2 + 2) +r (+y) 

=—pOPr( +r) (@+¥+e)—cy—re. 
By what precedes, we have an identity of the form 

. O+P+2=a(pet”]yt+r2) + B (pet gy + re), 
where, determining a from the equations 1=q’a+q8, 1=7’a+/7f, we find 
a=(q—7r)+ (qr gr, 
but pæ + qy?+rz=0, and the relation thus is 
O+yP+f=a(pertdyt+r2); 
hence 
={(¢ +r)a-l} (p'e + gy +r), 

or, substituting for a its value, this is 


Pe 86 1) gr bgt 


qr —qr (pa + fy? + 12"), 


an 
sn 


and, forming the like values of B and C, the relations to be verified. become 


T (Batt +r"); 


/ 


rn’ io a SE eager 
qr=—gt Baai E pray 
which are, in fact, the values of the ratios p” : q” : 7” obtained above; and the 
theorem is thus seen to be true. It may be remarked that, if the first and second 
cones, instead of intersecting in four lines on the absolute cone, had been arbitrary 
cones; then, taking in the first cone a line (1) and in the second cone a line (2), 
the reciprocal of (1) in regard to the absolute, the envelope of the plane (12) would 
have been (instead of a quadric cone) a cone of the class 8, 
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